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Abstract 

We wish to calculate the Lorentz body force associated with pure multipole helical magnetic fields (i.e, 
proportional to cos(nB)) whose strength varies purely as a Fourier sinusoidal series of the longitudinal coordinate 
z ( say proportional to cos (2m];l)"Z, where L denotes the half-period of the wiggler field and m= I,2,3 ... ). We 
also wish to apply such forces to the current sheet, and solve for the stress distribution required to maintain 
such a coil in equilibrium. In the calculations of Lorentz forces we include the self field contribution as well as 
possible contributions arising from additional nested helical windings. We shall demonstrate that in cases where 
the current is situated on a surface of discontinuity at r=R (i.e. J=f(B,z)) and the Lorentz body force is integrated 
on that surface, a closed form solution for the stress distribution can be obtained and such a solution includes 
contributions from possible nested multi pole magnets. Finally we demonstrate that in the limiting 2D case where 
the field strength does not vary with z ( period 2L tends to infinity) the stress reduces to known 2D expressions. 

On a developed surface <if the current sheet we place a set of coordinates, , in the current flow direction 
and 1] normal to that flow (or normal to the pole). The stress in the current direction can only be associated 
with a superimposed mechanical stress T, (per unit length) such as winding tension. The solution to the stress 
distribution employing such a coordinate system is, 
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Introduction 

We commence with deriving the Lorentz forces on a surface of discontinuity from previously derived 
expressions of the fields and currents ( Appendix A). Maintaining the Lorentz body forces in equilibrium on 
an infinitesimal surface area, result in set of differential equations that once solved, give the stress expressions 
associated with a given current density. 

It may proven to be useful and prudent to reduce the complexity of the multipole wiggler geometry by first 
transforming all fields and current densities to a coordinate system that is aligned with the direction of the current 
flow. A Frenet-Serret rotating unit vector coordinate system may serve such a purpose and will reduce the 
3 components of the Lorentz forces to 2. We proceed in obtaining such a transformation through the use of 
differential geometry (Appendix C). t Following a solution to the force equations we continue with and example 
of a combined function (nested) dipole and quadrupole. The expressions for the self force and the mutual force 
on each magnet have been explicitly obtained. 

Finally, by reducing the periodicity to zero we obtain the stress associated with combined function of long 
(2D) multipole magnets. 

Lorentz Force on a Surface of Discontinuity 

The Lorentz force density on a thin surface of discontinuityC (per unit area s) may be expressed as given by 

1 

where < 13 > denotes the average magnetic field on the surface < 13 >=. B,tB-;, J: corresponds to the surface 
current density and P is the stress tensor. Previouslyd we expressed the magnetic field components both inside 
and outs ide a current sheet (Appendix A), for an ideal current density that is proportional to cosine nli. We shall 
evaluate < B > and 1. on the surface at r=R and proceed to calculate the magnetic forces acting on such a surface. 
To simplify the analysis we have not included in this paper contributions from a highly permeable iron yoke. 

Based on the field expressions inside and outside the current sheet we write 

- L L G",mwmI~ sin (nli - wm z ) 
n=l m=] , 

< 13 > Ir=R = 
1 """ """ nGn,m (InKn) (Ii ) - 2 ~ ~ R K' cos n - Wm Z 

n=) m=l n , 
~ """ """ G (In K,,) 2 L..,.; D n,mWm 1(' 

n=l m=l n 

cos (nli - wm z ) 

and a 

t I am grateful to Ed Lee (HIFAR) for his helpful comments. 
C Utility of the Maxwell Stress Tensor for Computing Magnetic Forces - L.Jackson Laslett, Lawerence Berkeley 
Laboratory, report ERAN -160, August 24 1971. 
d Magnetic Field Components in a Sinusoidally Varying Helical Wiggler, LBL-35928, SC-MAG-464, July 1994. 
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where, 
(2m - 1)7r 

Wm = L and 
, _ I n oJ 

( 
? )" Gn,m - n.R wmR B",m 

n=I,2,3 .... corresponds to a dipole, quadrupole etc, m=I ,2,3 .... , corresponds to a given periodicity where L is the 
field half period. We consider the term (wmR) to be the argument of all Modified Bessel functions In and Kn, 
and all derivatives of such functions taken to be with respect to that argument. 

We note that the pair of current components satisfy the conservation condition \1 . J: = 41: + -k * = 0 as 
required and that for a given n,m the ratio of the current density components is fixed (although n,m dependent) 
independent of the coordinates 

and therefore the space curve generated by the pole n,m is a circular helix with a fixed axial to azimuthal ratio 
(Fig. I), 

2Ln n 
tan on,m = 27r R(2m _ 1) = wmR 

We shall require that for all nested helical windings other than n,m the angle a will not change. That is 

n z 
tan on,m = -R = tan OJ,j = -R 

Wm Wj 

and therefore for such cases the ratio of all current densities to remain constant. 

Before we proceed we need to make a clear distinction between the PERIODICITY OF THE FIELD 2L, and 
the PERIODICITY OF THE WIRE 21. Whereas the periodicity of the field depends on the magnet type n, we 
choose to hold the WIRE periodicity fixed for all nesting coils. Such a specific choice maintains the same direction 
of all current "wires" including nested coils of different types and therefore permits additional solutions resulting 
from interactions among all such nested windings. As an example we note that the periodicity of a dipole field 
(n=l) is identical to its wire period, but in a quadrupole (n=2) the field period is half of the wire period. If we 
express the wire period as 2/, we can write I = nL, where L corresponds to the field periodicity associated with 
a 2n pole magnet. If we define a periodicity with respect to the wire as Pm we may write : 

(2m-l)7r (2m-l)7r 
Wm = L = n 1 = nPm 

and the condition for the helix incline is, (independent of n), 

1 
tan a =-R 

Pm 
m=J 

We shall transform all fields and currents to a coordinate system (p,1],O where e'l> e€ lay in the developed 
plan of a cylinder of radius Rand ep is nprmal to it. In such a developed view the direction of the current flow 
is constant, pointing in the e€ direction. The direction normal to the flow in that plane eq , points towards the 
pole and is normal to the midplane (Fig. I). 
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Figure I Frenet- Serret coordinate system along the helix path - top. and a 
developed view of the cylinder with p pointing out of the paper - bottom. 

We introduce some additional relations and substitutions • 

1 
sm a = ,===== VI + (Pm R )2 

Ti = () - Pm Z 

~ = (}RPmR+ z 
RT/ 

Sq = R() sin a - Z cos a = ,=====", VI + (PmR )2 

~ 
sl; = R() cos a + z sin a = ,======", VI + (Pm R )2 

Expressing the field and current in the (P.T/.O coordinate system. 

- L L ipmG;.m1; sin i1l 
i=l m = ] , 

< B> Ir=R = J !: sin a - Bz cos a) = 1 Bo cos a + B z sin a 
_ ~ "" "" 11 ( R)2 iG;.m (1;1(;) 

2 ~ ~ V + Pm R 1(~ cos ZT/ 
i=1 m=l l 

o 
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and 

where, 

(2m - 1 )71" 
Pm = I and ( 2 )'" Gnm = n!R" -R E"m 

I nPm I 

Lorentz Force 

Most electromagnets - dipoles, quads etc are built as single function magnets, in cases where combined 
function magnets are needed several single function magnets are superimposed. This is a direct result from the 
fact that we know how to wind single function magnets and lack the knowledge of winding multi function magnets 
in a single physical configuration (not superimposed). Therefore we focus on magnet n period m that carries a 
current density J and sum up all field contributions arising from magnets i period m with the same wire period 
21. We express the contributions to the forces in two parts, one arising from a self field and the other arising 
from the cross interaction between all other fields and the same single function magnet n,m. At a later point we 
shall transform the stress components on magnet n,m from the e~ ,f'€ direction, to the global coordinates p,e ,z. 
That stress may be of interest in cases where an imposed structural requirements is needed. The stress in terms 
of p, 7] , ( within each individual coil n,m may be of more interest when a coil prestress is needed (such as in 
superconducting magnets). 

The Lorentz force in a Frenet--Serret coordinate system result in two force components - fp and f7]. 

The Lorentz force on coil n,m is 

f~'m = Jn mx B= , , 

Explicitly the force components are, 
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Figure 2 Forces on a current sheet. 

Equilibrium - method I 

The force equilibrium on a current surface element 6s~6s~ requires that (Fig. 2) 

where the f's are the local Lorentz body forces and the P's are the stresses required to maintain equilibrium. ( 
and "I are in the direction of the principle axis. ' , 

We note that the change in the total force P in the '] direction with respect to ( is constant along ( : 

and similarly 

therefore, after dividing by the element area, the equilibrium equation can be written as : 

or 

Where P' is a force' per unit length and P" is a force per unit area. 
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,. 

Introducing the geometric relations developed in Appendix C, 

If we assume that the force in the ~ direction per unit length is constant (e.g constant tension in a wire) and 
since the Lorentz force in the ~ direction is 0 (f~=O) we may write: 

Finally the differential equations for the stress components are: 

2 ' 
" ,1 (PmR) P~ 1 

Pp = - jp + p,/ [ 2] + Ten .m [ 2] = - jp + (p R)p + Ten.n> -p 
R 1+ (PmR) R 1+ (PmR) m ~ e 

Equilibrium - method II 

This method is based on the equality between the divergence of the stress tensor P and the restoring Lorentz 
forces f, 

(\7 . P)i = - J; 

where, 

( ) '"' { BPj i '"' ( j j) } \7 . P i = 7 hjB;j + ~ r i, IPj,1 + rj,IPI ,i 

rio k = _1_ (Bh j Oi _ Bhk ot) 
J,. hjhk BXk J 8xj· 

In the major coordinate system (p,'T/,O we assume there is no shear stress - Pi,j = ° for all i # j . Therefore, 
the divergence can be written, 

BR (..) 
(\7 . P); = hiB:;i + L r;,jPj,j + q ,iPi,i 

J 

{

o 
r J . = 1 Bhj l,) ____ _ 

hihj BXi 

{

o 
rJ· = 1 Bhj J,' ___ _ 

hJ!j BXi 
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and finally, 

(\7. P) = ~ [OPi'i + " oln hj (Pi i _ P)] 
I h OX ' L.- OX ' ' },} 

t 1 jii I 

The components of the metric tensor are : 

hp = 1 

p 

On the "current sheet" we shall define p ' as force per unit length (instead of per unit area). Since hj = f(xl) , 
and ox! = op -> a we writePi i = lim ~ , i '" 1, therefore 

I OX l -+O Xl 

If we now substitute the derivatives, 

a In h2 I 
OX! xl=R 

a In h3 I 
ox! x!=R 

we get, 

, 
lOP? ? . -,- f ---=- x2 

h2 OX2 

oP~ 3 
--' = 0 

OX3 

1 

R[l+ (Pm R)2 ] 

(Pm R)2 
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With xl=p=R, X2=1/, X3=< and P~,3 = constant = -T€n ,m - where T€n ,m is the tension, or the force in the 
flow direction per unit length - we get a set of differential equations identical to that in part I, 

Note that a specific choice was made in both sections in the way the current sheet is placed, We assume 
that an initial tension is applied to the windings while they are placed around the mandrel or bore tube. Under 
such circumstances an initial outward (radial) stress is exerted by the bore tube on the windings, We may wish 
to consider a case where a bore tube is placed outside the current sheet. Such a case permits placing the winding , 
under compression, requiring a sign inversion of P3,3 = T€n ,m' The case of no tension or compression is trivial 

P3' 3 = Tt = O. 
I "n ,m 

, " 
Solution to p,/ and Pp 

Proceeding with the solution to the stress equations we shall first solve the hoop stress in the 1/ direction and 
then solve for the radial stress, 

Integration path 

line of constant I; \ 

z 

Tlmln 

Ttmax 

R9 

9= 1t 

9= ~ 1t 

Figure 3 A developed view of the cylinder surface showing the orlhogonal coordinales ~ 
and TJ. The integration path starts at the pole Upole takes place along a line of constant ~. 

9 



The general differential equation for P~ is : 

With cis 'I = J R 2 ci1) , the integration above is carried out along a constant ~, commencing at the pole 
1+(l'm R ) 

1)1'010 = - -Tn (Fig. 3). 

p' l"" G G I;( iPmR) 
~ = --R6 2 'n,m. i,m.}(,( R) ILo . n npm. , J" , " 

cos nil sin i1) cill 

• -2ri 

For the case noli, 

P' 1"" i G G I;(ipmR) [ . . .. .. 7ri ] 
'I = - -R 6 2 ·2 n,m 'i,m }(' ( R) 2 cos n1) cos 21) + n SIn nil SIn 21) - n SIn -flo . n - 2 n nPm 2n 

I 

and for i=n, 

, 1 2 I;, (nPmR) 2 
P" = -RGn,m 1(' ( R) COS nil 2fLO n np", 

" We can now solve for the local radial pressure Pp 

plf = 
P 

1 "" i G G I;(iPmR) [ . .. . . . 7ri ] --'[-----=-]'6 ? ·2 nm'im }(,( R) 2cosn1) cos21)+nsInn7l sInZlI-n sIn-
ILoR2 1 + (Pm R )2 i n- - 2 ' , n nPm 2n 

+ (Pm R)2 T . 
R[l+ (PmR)2] €,.m 
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and for the special case n=i : 

Transforming the stress tensor to the global coordinates p,e ,z 

Since ( and '] are principal axis, the shear stress r{,~ = 0 and the relationse for the stress components in 
p,e,z are: 

I ' ? I 2 
Po = P~ sin" Ct + p{ cos Ct 

I I 2 '? 
Pz = P~ cos Ct + p{ sin" Ct 

, , 
p,/ - p{ 

rzo = 2 sin 2Ct 

, , 
Pp = Pp 

We shall make use, as before, of 

Pm R 
cos Ct = ,=======:c VI + (Pm R)2 

e Theory of Elasticity - Timoshenko and Goodier, pp. 185-186. 
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So that the stress for the case n =I i is, 

1 1 '" ian ,rnai,m I;{iPmR) [ . . .... 7ri ] 
R 

[ ] 
L 2 .? '(' ( R) l cos n7J cos l7J + n Sill n71 S1I1l7J - n Sill -

, ILo 1 + (Prn R )2 i n - l" l' n nPm 2n 
Po = 

+ (Pm R )2 '" T 
1 + (PmR)2 L: (i,m 

1 (pmR)2 '" ian ma; m /(iPmR) [ . ..,., 7ri ] 
- R [ ?] L 22 1(: ( R) l COS n7J COS 17/ + n Sill n7/ SIJ1 l11 - n S1I1 -2 

ILo 1 + (Pm R)" ; n - I , 1 n. nPm n , 
P -z -

1 
+ 1 + (pmR)2l( T(i ,m 

, 
1 PmR '" ian,ma;,m 1; (iPmR) [ . ..... 7ri] 
R [ 

2] L 2 '2 1(' ( R) l COS n7/ COS l 7J + n S1I1 n7J S1I117/ - n S1I1 -
flo 1 + (Pm R ) i n - l 1 n nPm 2n 

T z 0 = 
, Pm R "'T 

+ 1 + (PmR)2 L: (i ,m 

P;' = LP; 

and for n=i 

/I II 

P =P P Pn,m 

We note that in the 2d limiting case : 

, , 
Po = p,/,2d 

, 
P = Tt z ,n 

TO z = 0 , 
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Example 1 - Combined helical Dipole and Quad 

We illustrate and apply the solution to a combined helical dipole and quad, having both a single and identical 
wire period Pt . 

Helical dipole n=1 and quad i=2 

The stress on the dipole will arise from the self field n= I plus a contribution from the quadrupole i=2 coil (Fig. 
4). We shall substitute n= I and i=2 into the stress solution and assume that all Bessel functions and derivatives 
are with respect to their corresponding argument, 

GIl = R2BRI'1 where BII is the dipole 
I PI ' 

where 2B2,1 is the gradient 
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A 

, 

1.0 

Figure 4 A polar plot of the magnitude of P~ for n= 1 and i=2 

P,; = cos' TJ + A cos3 TJ ; TJ = 0 - T' A=O corresponds to a single function dipole (no quad) 

Helical quadrupole n=2 and dipole i=l 

Similarly the stress on the quad arise from the self field n=2, with a contribution from the dipole i= I. 
7r 

PI = -
I 

GI I = R2BRI'1 where B11 is the dipole 
. PI ' 

G' - R22B2,1 where 2B2,I is the gradient 
'2,1 - (pIR)2 
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Figure 5 A polar plot of the magnitude of P; for n=2 and i=1 

P; = cos2
" + A [2 cos3

" - 3 COS" + J2], B=O corresponds to a single function quad (no dipole) 

Example 2 

In a previous reportf we have proposed a possible design of a thick superconducting helical dipole wiggler ( 
n=1 only) that has a short sample central field of 1.92 T and 2.48 T corresponding to two different types of NbTi 
superconductors. Other parameters associated with that design were: an inner diameter of 6.5 mm that has an 
equivalent radius of R=3.836 mm corresponding to a thin coil approximation and a 27 mm period (21) . Therefore, 
with s = q. = 0.892678 we calculate: h(s) = 0.49 , I;(s) = 0.654 , ](I(S) = 0.735, ](I(s) = -1.3 and get: 

G2 '?RB2 ' 
1 '"mIn ~ 1,1 1 II 2 (mN ) 

2"oR ' 2 }(' = -3854.28Bn 
I""' ](;, 1-'0 s I 

leading to the following results : 
, 2 2 

p,/ = -3854.28BI ,1 cos 'f/ (N/m) 

n BII? (h](l) 1 
2 [ '] Pp = - ,3854.28-' (1 + s-) , ,+ 2 cos 2 'f/ = -9.310lE5B?1 COS

2 
'] 

R sII](11+s 

The maximum force is therefore applied at the midplane ( 'f/=O ), where for B I,I=I.92 T: 

P~ = -1.42084E4 (N/m) = - 81 (lb/inch) 
n 

Pp = - 3.432 (jill Pascal) = - 498 (psi) 

and for BI 1=2.48 T: 
, 

p,/ = -2.370536E4 (N/m) = - 135 (lb/inch) 
n 

Pp = - 5.72608 (M Pascal) = -830 (psi) 

f A Superconducting Helical Undulator for Short Wavelength FELs. - S.Caspi, SC-MAG-475, LBID-2052, 
Lawrence Berkeley Lab., September \9, 1994. 
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Limiting 2D case 

We can reduce the results of general force equations to the more familiar 2D case by extending the period 
2L -> 00. We note that for such a limit when s = wmR = npmR -> 0 (as well as s = wjR = ipjR -> 0) 
and make use of 

s ->0 

1 (S)" I,,(s) ~ n! 2" 
(n-l)!(s)-n 

J(,,(s) ~ 2 2" 

, 1 (S)"-1 
I,,(s) ~ 2(n _ I)! 2" 

, n! (S) -(,,+1) 
J(n(s) ~ -4" 2" 

" n 
In(s)J(n(s) ~ - 2s2 

I;,(s) 2 ( s ) 2n 
J(~(s) ~ -n!(n -I)! 2" 

. G;~,m.I:t(s) 2n. 2 
lzmss_o J(~(s) -> -2nR Bn 

l
· Gn,mG;,jI;(sj) n+; 
zmss_o J(~(sn) -> -2nR Bn B; 

, 
limss_o[InJ(n] -> 0 

reducing the stress in a helix to the 2D expressions : 

I. , n? ni.. . ... 1n R 2n
-

1 
{ 2'R

i
-"B B [ 'J} Pe = lzms_oP,/ = - B;, cos2 nO + '""' '0 ° z cos zO cos nO + n sm zO sm nO - n sm -2 

/I. f P;' 
Pp = lm,s_oPp = If 

1'0 D z· - 11" n 
l=j:.n 

RO(n-l) { 2 'Ri-nB B [ 'J } n • BO 2 () ""' 1. n i. '0 0 ..(). () . 7rZ = - ;; cos n + D '2 2 z cos z cos n + n sm z sm n - n Sill -2 
1'0 . z - n n 

';<n 

From the linear current density relation 

B _ l'oJO z 

" - 2nRn I 

we may write the expression for the field Bmax corresponding to the field just inside the windings at radius r=R 
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Note that 

nBn = 

1B1 = B1 dipole field 

2B2 = G quad gradient 

3B3 = S Sextupole 

therefore in a dipole magnet Bmax is the dipole field, in a quadrupole Bmax=Gradient*R=2B2*R, and in a sextupoIe 
Bmax=Sextupole*R2=3B3*R2 etc. The above 2D stress equations can be expressed in terms of the maximum field 
or in terms of current density : 

I R Emax n 2Bm.ax nBmax i. . . . . . IT? 
Po = - - ' cos2 

n() + L '2' 2 ' [ t cos t () cos n() + n SIn t() Sin n() - n Sin -2 ] 
{ 

2 . . } 

= 

Jlo n . t - n n 
'oFn 

, 
P~ 
R 

1 {B;"ax n 2 '"'" 2Bmax nBmax i [ .. . . . . ITi]} = - - ' COS n() + L.,. .,' 2 ' t COS t () COS n() + n SIn t() SIn n() - n SIn -
fto n . t" - n 2n 

'=In 

P' poJo. "R { JOz n 2 () '"'" 2JOz i [ . .() () ..(). () . ITi]} 0=- -, ' --'- COS n + L.,. .2 '2 tCOSt cosn +nSInt Sinn - nsIn-
2 4 n t -n n 

. i~n 
, 

P'I 
R 

ftoJOz n {Joz n 2 L 2Joz i [ .. .. (). () . ITi]} = - ' --'- COS n() + ., " t COS t () COS n() + n SIn t Sin n - n Sin -2 
4 n t- - n- n 

ioFn 

We note that for single function magnets the above expressions are in agreement with the 2D analysis, as 
it should beg. 

g Forces in a Thin Cosine n() Winding - R.Meuser, Engineering Note M5266, November IS, 1978. 
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Example A. n=1 , i=2 (stress in a dipole with a superimposed quad) 

07' 

or 

ttoR (? ? 4 3 ) - -- JO-1 cos- 0 + - Jo IJO 2 cos 0 
4' 3 ' , 

1( ?2 8 3) - - Bj cos 0 + -RBIB2 cos 0 
/1-0 3 

or 

Pp" = - ~ (B;"a x 1 cos2 0 + ~3 Bmax.1 Bmax 2 cos3 0) 
1'-0' I 

01' 

Po ( 2 ? 4 3 ) - 4" JO ,I COS- 0 + 3Jo, I JO,2 cos 0 

Example B. n=2 , i=1 (stress in a quad with a superimposed dipole) 

2R
3 [ 2? 2B2BI ( . . In) ] - ---;;; B2 cos- 20 - 3~ cos 0 + SIn 20 SIn 0 - v2 

07' 

P~ = - t~ [ B;";X,2 cos
2 20 - ~Bm"x'2Bmax'l (cos 0 + sin 20 sin 0 - J2) ] 

" P -p -

01' 

- tt~R [JJ,2 cos2 20 - ~JO'2JO'1 ( cos 0 + sin 20 sin 0 - J2) ] 
2R2 [ 2 2 2 B2BI ( .. In) ] - ---;;; B2 cos 20 - 3~ cos 0 + SIn 20 Sill 0 - v2 

or 

- ~ [B;"ax,2 cos2 20 - ~Bmax 2Bmax 1 (cos 0 + sin20 sin 0 - J2)] 
/1-0 2 3 . , , 

01' 

- t~o [JJ,2 cos
2 20 - ~JO,2JO'1 ( cos 0 + sin 20 sin 0 - J2) ] 
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Average stress or Magnetic Pressure (2D) 

We can define the "magnetic pressure" associated with multipole magnets by integrating the local stress and 
dividing by the area of integration. With the help of : 

2~ 211" 

J cos2 nOdO = 1r 

o 
J cos iO cos nOdO = 0 

o 

" we express the average radial pressure Pp,n as 

2~ 

If Pp" RdO 
" 0 

Pp, " = ---'--::12:-1r""'R::-- = 

2/Lon 

ILoJ6z ---
8n 

2lr J sin iO sin nOdO = 0 

o 

We also note that in a single function magnet the stored energy and pressure can be written as : 

In MKS units 

I : amp 
B : Tesla ( or Weber/meterZ) 
L : meter 
F : newton 

N = T. A J TA 
m ffi3'" m 

Useful conversions : 

J2 B2 /-La zO max,n. 
en 2d = -- = 

, 4n I'on 

- II en 2tl 
P --'-Pn,2d - 2 

Units 

multiply (N/m) by 5.710174e-3 to get (Iblinch) 
mUltiply (N) by 0.22481 to get (Ib) 
multiply (N/m2) by 1.450377e--4 to get (psi) 
multiply (psi) by 6.8947e-3 to get (MPascal) 
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Appendix A Field Components 

The field components in the region interior to the windings r<R are : 

The fie ld components in the region exterior to the windings r>R are : 
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Appendix B Lorentz Force on a Surface of Discontinuity 

The Lorentz force density on a thin surface of discontinuityh (per unit area s) may be expressed as given by 

iF ~ ~ 
dS = Jsx < B > (I) 

where < jj > denotes the average magnetic field at the surface < jj > = H, t H, and 1. corresponds to the 
surface current density. With 11 corresponding to a unit vector normal to the surface, the current density may 
be expressed as 

and since 

where 

~ 1 ~ 
Js X 1'" = -8B 

110 

the force density (Eq. I) may be written in terms of field 

iF 1 ( ~) ~ 
dS = 110 11 x 8B x < B > 

and reduce, with the aid of the vector identity ( (A x B) x C = B(A· C) - A(B . C) ), to 

iF 1 [~( ~) (~ ~)] dS = ,'0 8B 11' < B > - 11 8B· < B > 

Specifically, in cylindrical coordinates with a surface of discontinuity at r=R we write 

f = diPS = ~[- ( < Bo > 8Bo+ < Bz > 8Bz)er+ < Br > 8Bo€o+ < Br > 8Bz€z Hr=R (2) 
c 110 

We note that with Br continuous at r=R we may write Br =< Br > and 8B < B >= B~;B; so that the 
Lorentz force is 

~2 
where Bi 

3 

L Bf. 
i=l 

h Utility of the Maxwell Stress Tensor for Computing Magnetic Forces - LJackson Laslett, Lawerence Berkeley 
Laboratory, report ERAN-160, August 24 1971. 
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For a helical magnet the combined fields can be written as 

n= 1 m = l , 
1 " " nGo.,m (I"J(,,) (() ) < jj > Ir=R = - 2" L L R J(~ cos n - Wm Z 

n=] m=1 

and the difference of such fields (with the help of the Wronskian 1"J(~ - 1;,1<0. = - (w:'R)) as 

where 

Wm = 

a 
" "nGo.,m 1 1 

- L L R (wmR) J(' cos (n() - wmZ) 
11.=1 m=l 11. 

"" G"m 1 ) - L L R J(' cos(n()-wmz 
n=1 m=l n 

(2m - 1)7r 

L 
and G",m = n!Ro.C~R) n B",m 

The resulting current density is therefore 

- 1 
Jslr=R =­

Ito 

a 
"" G

nm 
1 - L L R J(' cos (n() - WmZ) 

11.=1 m=l 11. 

"" nGnm 1 - L L W R2 J(' cos (n() - wm z ) 
n=1 m.=l m 11. 

We consider the term (wo.R) to be the argument of all Modified Bessel functions In and Kn, and all derivatives 
of such functions taken to be with respect to that argument. 
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Appendix C Frenet-Serret coordinate system 

To derive the unit vectors associated with the helix geometry (Fig. 1) we need to introduce the radius vector i' : 

so that 

n 1 
tana = -- = --

wmR Pm R 

fJ 
z = RfJ tan Ct = -

Pm 

therefore the radius vector along the helix is : 

From 

i'(fJ) = RcosfJ; + RsinfJj + ~k 
Pm 

eli' ' ,1 ' 
-lfJ = -R sin fJi + Rcos fJj + -k 
( Pm 

l
eli'l .f ? elS{ 
elfJ = Rv 1 + tan" a = elfJ 

The unit vector in the helix (flow) direction is 

1 ( , , 1 ') - sin fJi + cos OJ + -Rk 
Vl+t=2 a pm 

and since eo 
, 1 (' , ) e{ = eo + tan aez VI + tan2 a 

We show that for a helix the change in the unit vector e{ with S(, 

will result in a constant radius of curvature K : 

ele{ 1 ( " ) 1 - = - cos fJi - sin fJj = - ep 
elfJ VI + tan2 a VI + tan 2 a 

( 1 ? ) (cos fJ; + sin fJI) 
R 1 + tan" a 

therefore 

The unit vector in the f/ direction is 

J 
cos fJ 
sin fJ 

k 
tan a = --,,==1 ==;;== (- si n fJ tan a; + cos fJ tan aI - k) 

o VI + tan2 a 
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or 

Since 
de'l 
dO 

, 1 ( , ' ) e'l = tan ereo - ez 
vII + tan2 er 

tan er ( 0' . 0') tan er , cos I + Sill J = - ep 
VI + tan2 er VI + tan2 er 

the radius of curvature along the helix (1/=constant) upon which e~ varies is constant as well : 

therefore 

where 

and one may note that 

d' ~ e'l dO - tan er ( 0' . 0' ) - = - = cos I + Sill J 
ds{ ¥f R(I+tan2 er) 

R( 1 + tan2 er) 
p -
~ - taner 

p{ = tan er 
P~ . 

We have now two sets of coordinate : 

and 

Additional useful relations, 

de'l 
= 

dO 

1 , 

R[1 + (Pm R )2] e
p 

(Pm R)2 , 

R [1 + (PmR)2] e
p 
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Current Density 

We have previously expressed the current density as 

Since ('1.) = tan IX we may write in the new coordinate system 
n,m 

which is consistent with the statement that the current flow is solely in the ( direction. 

As a side issue we note that the current density 

preserves the "cos-nB" current density distribution and therefor we may write 

and introducing the expression for Gn•m we write 

or 

B = _ 2/lo](;,JO€ (wmR)n+l 
n,m . / 2 

n!Rn-l V n2 + (WmR)2 

We wish to normalize the above expression with respect to the corresponding 2D case ( w -> 0) 

so that 
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By comparing a helical magnet and a straight magnet under the condition that both magnets carry the same 
total current (independent of periodicity), such that 

'" 
we may write 

By substituting the above relation into the field expression we get: 

1.I 

1.0 

0.9 

0.8 

0.7 
"0 ". 0.6 e: 
::: 0.5 
o:l 

0.4 

0.3 

0.2 

0.1 

0.0 

/-', 
\. 
\ 

~"" ' ......... 
L~~~~~~~~~~~~~---~='~~~=-~ __ -J 
o 2 3 4 5 

S 

6 7 8 9 IO 

Figure 6 The normalized field as a function of s = w R for a dipole magnet, n= I. 
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